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1. Introduction 

In this paper we will establish the Airy curve case of a conjecture 
of Gukov and Sulkowski [5]. By the Airy curve we mean the plane 
algebraic curve defined by the following equation: 

(1) A(u, v) = -v 2 - u = 0. 

(This differs from the form used in [5j by a factor of 2.) This curve has 
the following parametrization: 

(2) u(p) = \ V \ 

(3) v(p) = p. 

By the Eynard-Orantin recursion [3], one can define from this curve a 
family of differentials: 

(4) W g>n (pi, ...,p n ) = W p , n (pi, • • -,Pn)dpi ■ ■ ■ dp n . 

Motivated by the matrix model origin of this construction, or a defi- 
nition of the Baker- Akhiezer function in [3], Gukov and Sulkowski [SJ 
define 

oo 

(5) Z = exp^r- 1 5 n , 

n=0 
1 



2 
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where S n are defined by: 
rP 

(6) S = / v(p)du(p), 



(7) S l(p) = --log-, 

(8) S„(P)= E [■■ f w ,M'---M d A ■ ■■<¥„, >'.>2. 

2g-l+k ' J J 

We use a different sign convention from that in [5]. We will prove the 
following: 

Theorem 1.1. The function Z satisfies the following differential equa- 
tion: 

(9) A(u,v)Z = 0, 
where 

(10) A = ^v 2 -u 

is the quantization of the polynomial A(u, v), where u = u-, v = hd u . 

This is a special case of the general conjecture made by Gukov- 
Sulkowski [5] on quantizable algebraic curves. We prove this result by 
reducing to the Dijikgraaf-Verlinde-Verlinde recursion relation [2]. In 
a subsequent work [9], we will treat the case of the local mirror curve 
for C 3 and the resolved conifold. 

In [U §10], Eynard and Orantin claimed that for the curve 

(11) x(z) = z 2 , 



(12) y(z) = z-\Y j t k+2 z\ 



2 

fc=0 

the differentials W g>n {zx, . . . , z n ) encodes higher Weil-Petersson vol- 
umes, and one can also construct F g that encodes intersection num- 
bers (t^ ■ ■ - Td n ) g - See also [31 §10.4.1]. In [31 §10], the Eynard-Orantin 
recursion for the Airy curve was discussed and the relationship be- 
tween Wg tn the Tracy- Widom kernel was recalled. It was also stated 
that "The fact that the Baker- Akhiezer function is Ai(x) and satis- 
fies the differential equation Ai" = xAi can be seen as a consequence 
of the Hirota equation theorem 9.2." The authors of [1] established 
the equivalence of the Eynard-Orantin recursion of the Airy curve to 
the DVV recursion relations via the Laplace transform of a recursion 
relation for the symplectic volumes of the moduli spaces. In [8], the 
author established the equivalence of the DVV recursion relations to a 
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Eynard-Orantin type recursions, but unfortunately, the starting point 
of that paper was to rewrite the DVV recursion relation using residues 
and a kernel function, not necessarily on an algebraic curve, so the rela- 
tionship with the Airy curve was missed. After the author came across 
[1] in June 2012 on the internet, it became clear that it is possible to 
combine the ideas in [1] and [8] to directly establish the equivalence 
between the DVV relations and the Eynard-Orantin recursion for the 
Airy curve. A consequence of this result and Theorem 1.1 is that one 
can then relate the intersection numbers on M. g , n to the Airy functions 
Ai(x) and Bi(x). 

The rest of the paper is arranged as follows. In §2 we recall the 
Eynard-Orantin recursion for the Airy curve and present a direct proof 
that it is equivalent to the DVV recursion. We then change coordi- 
nate in §3 and combine an observation in an earlier work [8] to derive 
a simple recursion relation for a suitably defined n-point polynomial 
functions 

n 

u g ,n= (ra 1 ---r an } g l[(2a i + l)\\wr +1 

ai,...,on>0 i=l 

of intersection numbers on the Deligne-Mumford moduli spaces. It has 
a very simple form: 

UJg >n+1 (wo,Wx, . . . ,w n ) 

1 3 

+ 2 U '° u nJAi\+i( w 07 w Ai) •Ug a> \ Aa \ +1 {w ,w Aa ) 

91+92=9 

n 
i=l 

where 

D UtV x m = uv(u m + 3M m -^ + 5M m "V + ■ • • + (2m + l)v m ). 
In §4 we consider the antiderivatives fl 9tn of u 9tn : 

n 

Q g>n (w 1 ,...,W n ) = ^ ( T ai---^a n )gY[('2a i -iy.\w^ +1/2 

ai,...,a n >0 i=l 
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and integrate the above recursion relation to get a recursion relation 

d Wo Qg, n+ i(w Q ,Wi, ...,w n ) 
= wl /2 d x d y Qg- lin+2 {x, y, w[ n ])\ x=y=Wo 



W A 



91+92=9 
A l UA 2 =[n] 

n 

1=1 

where T> uv : Cfxja;" 1 / 2 — >■ C[w, t>]ut> 1//2 is a linear operator defined by: 

V UjV x a - 1/2 = uv 1/2 (u a+1 + u a v + --- + v a+1 ). 
In §5 we use this result in §4 to present a proof of Theorem 1.1. 

2. Eynard-Orantin Topological Recursion on Airy Curve 
and Moduli Spaces of Curves 

2.1. Eynard-Orantin recursion for the Airy curve. In this sec- 
tion, we recall the construction of Eynard-Orantin 0, §4] for the case of 
the Airy curve. Near the branch point (u,v) = 0, the conjugate point 
of (u(p), v(p)) is (u(p), —v(p)), i.e. p = —p. Hence the vertex is given 
by: 

p 2 

(13) u = iy{p) — v{p))du{p) = ((— p) — p)d— = —2p 2 dp. 

Since the Airy curve has genus 0, under the parametrization ([2]) and 
(J3]), the line-propagator (Bergmann kernel) on the Airy curve is given 
by P §3.2]: 

(14) B(p 1 ,p 2 ) 



{'P1-V2) 2 ' 
The arrow-propagator is 

1 /•«_,. . 1, r q d£ qdp 



(15) dE q {p) = l -j*B{^p) = l -dpj^ 



(p — 2 1 2 ~ v 2 



Hence the recursion kernel is: 

dE q (p) dp 



(16) K(q,p) 



u(q) q(q 2 — p 2 )dq 
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The Eynard-Orantin recursion has as initial values: 
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(17) W 0l i(p) = 0, 

(18) Wb l2 (pi,ft) = B(p uP2 ) <ll ' l<l1 ' 2 



(pi - P2) 2 
and in general: 

1 

2 



^ReS z=0 ( K(z,Z ) ■ ( Wg- lt n+2(z,-Z,Z[ n ]) 



(19) 

+ W ^M\+l(z,Z Al )-Wg a ,\ Aa \+l(-Z,ZA !l )jJ. 

n-i -Lrir, — n ' ' 



91+92=9 
AiUA 2 =[n] 



Here we have used the following notations: For A =C [n], when A®, za 
is empty; otherwise, if A — {ix, . . . , if., then za — z^, . . . , Zi k . In terms 
of Wg, n (zi, ■■■ ,z n ), one has 

Wg,n+l(zo, Zi, . . . , Z n ) 
1 „ ( 1 

(20) - v "^° 

+ Wflx.lAil+lfo^Ai) ■ W S2| |A 2 | + l(-^,^A 2 ) J J- 

91+92=9 ' ' 

Here are some examples obtained by applying (120]) . 



-Res 2=0 ( • ( W fl _i >n+2 (z, -*,*[„]) 



Wo, 3 (^0,^l,^2) 

1 

-2 2 ) 

1 1 1 



ReS ^=o(T772^ JT>Vo,2(^, ^l)Wo,2(2, 22)) 



Res 2=0 
1 

-.2. ^.. '2. —.2. 

z z 1 z 2 



z{zl - z 2 ) (z - ^ 2 ) 2 (z - z 2 ) 2 
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Wo,4(2o, 21,22, 23) 

= Res 2=0 (-^^ — 2T ' (^0,2(2, 2i)W , 3 (2, 2 2 , 23) 

212 2 J 

+ W 0)2 (2, 2 2 )W , 3 (2, ^3) + W , 2 (2, 2 3 )W , 3 (2, *i, Z 2 )) 
,1/1 1 

Res 2=0 



z(zq — z 2 ) \(z — zi) 2 z 2 z\z\ 



1111 



Because 



we have 



(z — z 2 ) 2 z 2 z\z\ (z — z 3 ) 2 z 2 z\z\ 



Res 2= o 0/9 n\/ \o , 4~ 



z 3 (u 2 — z 2 )(z — v ) 2 u 2 v 4 u A v 2 



1 % 3 

W , 4 (2o, Z U Z 2 , 2 3 ) = 2 2 2 2 Yl 72 • 

z z 1 z 2 z 3 . =o Z„- 



When (g, n) = (1,2) we have 

Wi i2 (2 ,2i) 

= Res z=0 ( , 2 l (^0,3(2, 2, + W , 2 (2, z x )Wx tl {z))) 
z{z z ) I 

/ 1 /ll 1 

- K< " : "Li:;! - :V : — 



2 (2-21) 2 8^ 4 



11/5 3 1 



9 ~6~2 1 o \ ^2^6 ' 4^4 1 r 6~2 
Z, O \^ z 1 z z 1 z z 1 

5 1 3 1 5 1 
+ --^-r + 



O 2qZ-l o 2gZ-^ o ZqZj 

2.2. Relationship with intersection numbers on moduli spaces 
of curves. Consider the intersection numbers on Deligne-Mumford 
moduli spaces: 

(21) (r ai ---r an ) g := [_ 

J Mg, n 

and the following generating function 

(22) w 9>n ( Zl ,...,z n )= (^•••o fl n (2 y + 1 2 )!! - 

ai,...,a„>0 i=l 1 
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By evaluating the correlators by Witten-Kontsevich Theorem [TIE], one 
can find explicit expressions of W 9jn for small g and n. For example, 

1 



^1^2 ^3 



4 3 



1 

VVo,4(^l, *2, ^3, Zi) = 2 2 2 9 

^1^2 Z 3^4 i=1 ~i 

1 ^ 15 18 

W , 5 (zi,...,,Z 5 ) = y2 „, + ^ jj). 



*1 " ' ^5 i=l 2 * l<i<j<5 Zi Z i 



1 6 ^ 105 135 



162 

17272''' 



TT 15 ,,2 z b z l Z l Z l 

LLi=l z i i=\ i l<i^j<6 1 3 l<i<j<k<6 1 3 k 



4 ' 



Wl, 2 (*l, *2) = ^272- ( 7 + 7 + XJ / 
°^1^2 \ ^1 z 2 z l ^2 , 



~ 1 A^-35 ^30 18 \ 

22, ^3j - „ 2 2 2 ' I 76 + 2^ 7172 + _2_2_2 J' 



w 2 ,i(^; 



•i=l * l<i^i<3 4 J 

105 1 



128 z{ 



10 • 



- 1155 1 3465 1 6699 1 6699 1 

yV2,2{Zl,Z2j — ——- 19 9 + Tn a + "~ TTT^ ^ + 



' 128 4 2 z| 128 128 z\z\ 128 zfzf 

3465 1 1155 1 

TTZT^ a in - ! - 



128 z\zf 128 z\zf 
etc. 

Theorem 2.1. Mien 2g — 2 + n > 0, one /ias 

(23) yVg, n (zi, ...,Zn)= Wg, n (zi, ...,Z n ). 

Indeed, W g , n 's satisfy the initial values and Eynard-Orantin recursion 
relations (fTTl) -(TT91) . 

As mentioned in the Introduction, this result was due to [Tj . In that 
work, the result was established via an equivalent recursion relations 
for the symplectic volumes of the moduli spaces [TJ Theorem 1.1]. Here 
we present a direct proof. 
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Proof. Recall the DVV recursion relations [2] are: 

n n 
i=l i=l je[n]i 



(24) 



1 / n 

6i+6 2 =a -2 ^ «=1 

+ s ^ n • ( f b 2 n r ai ) 92 j 



gi+g 2 =g 

where f a = (2a + 1)!! ■ r a and [n] = {1, . . . , n.}, [n]j = [n] — {i}. In the 
above formula, 

s 

E 

AiLI^2=M 

31+92=3 

means the summation is taken over the "stable cases", i.e.: 

2^-1 + lAxl >0, 2g 2 -l + \A 2 \ >0. 

Multiply both sides of f l24|) by 2 } 0+i ■ n™=i 2^+2 and take summations 
over ao, a±, . . . , a n : 

Wg,n+l( z 0, Zi, . . . , z n ) 

^ (2a + l)!! ^ (2^ + 1)!! 

\ T ao T ai " ' T ajg 2a +2 '11 2a«+2 
ao,ai,--- ,a n >0 8=1 * 

n 

5^(2^ + 1) -(200 + 2^-1)!! 

ao,ai,'" ,a n >0 i=l 



( TT , _i L_ TT (2fl 3 - + l)!! 

•\Tao+ai-l J_J_ T a ] )g- 2 a +2 ' 2a t +2 H 2a,- +2 

je[n]i < je[n]i Z 3 

1 / " 

+ - (2&i + l)!!-(26 2 + l)!!f(r 6l T 62 n^) s -i 

6i+6 2 =a -2 ^ i=l 

+ ^ n Ta ^si - ( r &2 n r ^92j 

31+32=3 ieAi iGA 2 ' 

I A(2a, + 1)!! 

+2b 2 +6 ' 11 



2fci+26 2 +6 11 2a;+2 
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Notice that 
(25) Res 2=0 1 



1 1 \ 1 



Z(zl-Z 2 ) Z 2h ^+ 2 Z 2b *+ 2 ) z 26 1+ 26 2 + 6^ 



and 

^ ^ v m+l-ao 

z(z 2 - z 2 ) ■ (7^ ' = ? 



(2a* + 1) 



2oo+2 2oi+2' 
a =0 ^0 ^ 



so the above equality an be rewritten as follows: 
Wg,n+i{ z 0i Zi, . . . , z n ) 



i=l 
l.r 



+ -W g _i )n+2 (2:,-2;, [n]) 



+ VVgLlAil+l^,^) • W g2 ,|A 2 |+!(-^,^A 2 )^. 



91+32=3 



The proof is completed by setting: 

VVo,2 0l,22) : 



>l-^2) 2 ' 



□ 



3. Polynomial Reformulations 

In this section we will show that in different coordinates the recursion 
relations in the preceding section can be reformulated as operations on 
polynomials. 

3.1. Change of variable. In §2.11 and 12.21 we have presented some 
examples of W g>n (zi, . . . , z n ). From these examples, it is clear that 
after the following change of variables 

1 

One gets polynomial expressions: 

(27) ^g,n{Wl, ...,W n )= W ff , n (Zl, ...,Z n ). 

By m, 

n 

(28) u> g , n (w u ...,w n )= (T ai ---T an ) g H(2a i + l)\\w? +1 . 

ai,...,a n >0 i=l 
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The following are some examples. 

uj ,3(w 1 ,w 2 ,w 3 ) = U>lW 2 U> 3 , 

4 

u)q,a{w\, ■ ■ ■ ,w 4 ) = Wi • • -w^y^Wj, 

1=1 

5 

uo^wt, . . . ,w 5 ) = Wi ■ ■ -w 5 (15y2 w i + 18 ^2 WiWj), 

i=i i<«<i<5 

6 6 

w 0) 6(«>i, . . . , w 6 ) = JJ • (105 + 135 w-Wj 

i=i i=i i<«^i<6 

+162 ^ WiWjWk), 

l<i<j<k<6 

^i,i(wi) = ^wl 

Wi, 2 (u>i, u> 2 ) = Wl Q W2 (5wi + 5u>2 + 3wiw 2 ), 

8 

W1W2W3 /r-^ o x -v 2 \ 

Wl, 3 (Wl, W2, W 3 ) = ( > j 35Wj + ) j SOWiWj + J , 

i=l l<*^j<3 ' 

105 5 

W 2,l(Wl) = T^ w i' 



W\W 2 
128 



w 2)2 (wi,ty 2 ) = 12 (ll55(wi + w\) + 3465 + W1W2) 

128 



3.2. Recursion relations for u g>n . 

Theorem 3.1. Except for the case of (g,n) = (0,2), the following 
recursion relations hold: 

Wg tn +l(w ,Wl, ...,W n ) 

= -W U g - ltn+2 (w , Wo, W[ n ]) 
1 S 

(29) +2^0 Yl u gi,\Ai\+i{wo,w Al ) -uj g2!lA2l+1 (wo,w A2 ) 

91+92=9 

AiU^2=H 

n 

+ y2D WOjWi u g , n (x,w [n]i ), 
i=i 
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where for m > 0, 

(30) D u , v x m = uv(u m + ZvT^v + 5w m "V + ■ • • + (2m + l)v m ). 
Proof. By (EH]), ([29]) is equivalent to (JUJ). □ 



The (g,n) = (0,2) case is exceptional and can be treated separately 
as follows. 

<^oA w o,w 1 ,w 2 ) 

uo,2{u, wi) ■ oj ,2{u, w 2 )du 



u|=l/eV2 U-W 

W 1 1 



| tt [=l/eVa W - W (U- Wi) 2 (u - W 2 ) 2 

A complicated residue calculation by Maple yields: 

U 0>3 (W ,W 1 ,W 2 ) = WoW^. 

This is a match with ([23]). 



du. 



3.3. Examples. 

3.3.1. The (g,n) = (0,3) case. This is the first case of ( |29l) : 

3 

^0,4(^0,^1,^2,^3) 

3 3 

W1W2W3, \ - , W1W2W3 



y~] D W0 , Wi (x ■ 1 2 3 ) = V] w Wi (wo + 3wj 



3m7oWiW 2 W3 + 3w WiW2W 3 yj = 3w WlW2^3 



3 3 
i=l i=0 



3.3.2. T/ie (<?, n) = (1, 1) case. 

^1,2(^0,^1) = ^w u 0t3 (wo, w , wi) + D W0!W1 u lt i(x) 

1 2 1 2 

= -w ■ WqWi + D WQtWl -x 

Z o 

= ^o^i + ^wow^wl + 3w wi + hw\) 
= -woW\{hw1 + hw\ + 3wqWi). 
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3.4. Derivation of ( |29l) . Let us explain how ( |29j) was derived origi- 
nally. In [S], the author has shown that the DVV recursion relations 
are equivalent to Eynard-Orantin type recursion with initial value 



W ,20i,2 2 ) - — 2 _ 2 % 



\ Z 1 Z 2/ 



and kernel function: 

1 



z 1 z 2 (z 2 - Zi) 
It is easy to check that the same holds for 



W 2 (zi,z 2 ) 
K(zi, z 2 ) 



zj + zj 

f A-zir 

1 



In the w coordinates, we have 

Wiiv 2 (wi + w 2 ) 3wo 2wl 

W 2 (u>i,U> 2 ) = — — = W 2 H h 



(u>i-u> 2 ) 2 Wi - w 2 (wi-w 2 ) 2 ' 

and we have 

u; gi „ + i(w ,Wi, •••,%) 

1 1 f f 1 / ,11 , 



+ 



-\-nn = n * * 



gi+g2=g 
Ai\JA2=[n 



2ni 



w 1/2 

j_ _ J ■ ( ^ 5 -l,n+ 2 (™, W[ n ]) 
l^l = l/e 1/2 u> w 



Yl U 9i,\Ai\ + l(w, ^aJ • UJ g2 ,\A 2 \+l(w, WA^jd^j^ 

-4- n<~> — n * 



91+92=9 
A x \\Ai=\n 

1 I f W 

2 ' 2ni 



\ w \=l/ e i/2 w — w Q 

n 

+ 2 ^ U) 0>2 (w, Wj) ■ Ug,n(w, W[ n ]J 



u; fl _i in+2 (w, w, w [n] ) 



i=l 



+ 



^ U gu \ Al \+l(w,W Al ) ■ Ug 2t \A 2 \+l{w,W A2 ) Jdw. 



gi+92=g 
A 1 UA 2 =[n 
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The first line on the right-hand side of the last equality is: 

(31) I = -W U) g - hn+2 (w , W , W[ n ]). 

The third line on the right-hand side of the last equality is: 
1 s 

(32) III = -w u gi,\A 1 \+l(wo,W Al )-Ug a ,\A2\+l(wo,WA 2 ). 

91+92=9 

Ai]j^2=H 

The second line on the right-hand side of the last equality is more 
complicated. Recall that if f(z) is holomorphic at z = z , then one has 

f( z ) 

Res 2=20 = f(z ), 

Z-Zq 

Res_ ^-^ = /( , ). 

So we have 

1 f w n 
II = — —•y^uo t 2(u,w i )-Ug^(u,W[ n ]^du 

J\ w \ =t -i/2 U - Wo ^ 

If w J^f 3wf 2wf \ . . , 

= 7T- / >^ [ W i + + 7 Y2 ) ■ U 9,n{ U > W [n] i )du 

2m J lwl=t -i/2 u - wo u-Wi [u-WiYJ 

EW Wi(wo + Wi) -A W 2 / \ 

(w — Wi) 1 -f^ Wi — w 

n n 

^ (wi - ^o) 2 ' 2Ui ' U9 ' n{W[n]) + ' 7u ^ u '^- 

Now we introduce a linear operator 

(33) Du,v '■ C[x] y C[u,v\, 
defined as follows: 

Am,/ x := w ^ ^ • / « + f(v) - -f(v) + f'(v) . 

\{u — v) 2 v — u (v — u) 2 v — u J 
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With this operator, we have: 

COg,n+l(w ,W U ...,W n ) 
= -W U g - hn+ 2{wo,Wo,W[ n] ) 



1 S 

+ a^O Yl ^31,1^1+1(^0,^) -UJ g2jlA2l+1 {wo,WA 2 ) 



2 

91+92=9 

A 1 \\A 2 = [n] 



+ 



i=l 



Lemma 3.2. For m > 0, one has 

D UjV x m = uv(u m + 3u m ~ 1 v + hu m ~ 2 v 2 + • • • + (2m + l)v m ). 
Proof. This is elementary: 

u(u + v) 3v 2v 2 2v 2 m _ 1 

— - -f • u m H v - — ■ v H mv 

(u — V) 2 v — u (v — u) 2 v — 11 

u m+2 + u m+1 v - 2v m+2 (2m + 3)v m+1 

{u — V ) 2 u — V 

u m+1 {u -v) + 2{u m+1 - v m+1 )v (2m + 3)v m+1 

{u — v) 2 u — V 

1 -{u m+1 + 2{u m + u m ~ x v + ■■■ + v m ~ l )v - (2m + 3)v m+1 ) 



u — V 

= —^—[(u m+1 - v m+1 ) + 2{u m - v m )v + 2{u m - 1 - v m ~ l )v 2 
u — V 

+ • • • + (u - v)v m ] 

= u m + 3u m - 1 v + 5u m ~ 2 v 2 + • • • + (2m + l)v m . 

□ 



4. Recursion Relations for the Antiderivatives of w 3i „ 
4.1. The antiderivatives of oo gyn . These are defined by: 

n 

(34) Q 9 , n = (r ai ---r an ) g l[(2a t -iy.\wT +1/2 . 

ai,...,ct n >0 i=l 

Here we use the following convention: 

(35) (-1)!! = 1. 



INTERSECTION NUMBERS AND QUANTUM AIRY CURVE 15 

For example, 

Q 0)3 (w 1 ,w 2 ,w 3 ) = (wiw 2 w 3 ) 112 , 

4 

fi ,4(>l, . . . , 10 4 ) = w\ /2 ■ ■ ■ w]J 2 ^ W i' 



i=l 

I 



M=l l<i<j<5 ' 



^1,2(^1, ^2) = — ^3u> 2 + 3^2 + wiw-^j , 

^1,3(^1,^2,^3) = —7 ryyj ' ( 15Vt^ 3 + 6 V W> 3 + 2 Wl W 2 W 3 ) 

v 2=1 1<«7=J<3 

Lemma 4.1. TTie functions u 9tn and fl 9tn are related by: 

n 

(36) bj g ^ n = T Y[ wf 2 -d Wl --- d Wn Q 9yn . 

i=i 

Proof. This is easy to see from (1281) and (1341) . □ 

4.2. Recursion relations for We need the following easy ob- 

servation. 

Lemma 4.2. The following identity holds: 

=2 n+l (w 1 ...w n ) 3/2 d wl ---d Wn V WOjWt d x tt gjn (x,w [n]i ), 
where T> UjV : C[x C[M,f]wf 1//2 is a linear operator defined by: 

(38) V UiV x a - 1/2 = uv^ 2 (u a+1 + u a v + --- + v a+1 ). 

Proof. By (1281. 

w gin (a;, iy N .) 

E (T- a r Ql ---^---r a J,(2a + l)!!x a+1 J] (2a,- + 1)!! 



a,+l 



a,ai,...,di,...,a n >0 l<j<n 
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and so 



a+1 



( r « r «i r an ) g {2a + 1)!! • D WOiW .x 

a,ai,...,di,...,a n >0 

• J] (2a j + l)!!^ +1 

{r a r ai ---^---r an ) g - J] (2a, + 1)!! 

a,ai,...,<Ji,...,a„>0 1<?<™ 

•(2a + 1)!! • w oWi (w% +1 + Sw^ + • • • + (2a + 3)< +1 ) 
2 n+1 ( Wl . . . w n f' 2 d Wl ■ ■ ■ d Wn < r « r «i • • • ^ • • ' r ^>< 

a,ai,...,dj,...,a n >0 

Oj+1/2 



a,+l 



[[ (2a J -l)!!^' +1/2 -(2a+l)!! 



i<?'<n 



• Wl 1/2 K +1 + w>i + • • • + 
= 2 n+1 (w 1 . . . w n f /2 d Wl ■ ■ ■ d Wn V WOtW .d x Q g , n (x, w [n]i ). 



□ 



With the above two Lemmas, it is easy to derive from Theorem 



Theorem 4.3. Except for the case of (g,n) = (0,2), the following 
recursion relations hold: 



d m Qg tn+ i(w , wi, . . . , w n ) 

=W 5 /2 d x d y ttg- hn+2 {x, y, W[ n ]) \ x =y=w 
s 

(39) +w o 2 S ^0^51,1^1+1(^0,^) • d W0 Q g2) \A 2 \+i{w ,WA 2 ) 

91+92=9 
AiU^2=[n] 

n 

+W Q (X, W[n]J- 

i=l 



4.3. Examples. 
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4.3.1. The (g,n) = (0,3) case. 

3 

dw £h,4(wo,w 1 ,w 2 ,w 3 ) = w 3/2 ^2v W0tWi d x n ,3(x,w [:i]i ) 

i=l 

-3/2^^ p., 1/2 (W1W 2 W 3 ) 1/2 A 



1/2 

3 



,V2, 



WlW 2 W 3 ) 1/2 



w ty/ (wo + Wj) - - 



i=i w i 



Wo /2 (wiW 2 U> 3 ) 1/2 + -W 1/2 (^1^2W 3 ) 1/2 ^ lUj. 



i=l 

4.3.2. T/ie (<?, n) = (1, 1) case. 

^0^1,2(^0,^1) = Wo /2 ^^fi ,3(^,2/,^l)U=2/=«;o +«~ 3/2 ^ > ioo,t«;i^l 1 l(aj) 

= wl /2 ■ d x d y ((xywi) l/2 )\ x=y=W0 + D^^!^- x 3/2 

1 3/2 1/2 1 -3/2 1/2/ 2 , I 2 \ 

= -w ' w{ + —w -WoW^ {w + w w 1 +w 1 ) 

1 -1/2 1/2/,, 2 , I 2 \ 

5. GUKOV-SULKOWSKI CONJECTURE FOR THE AlRY CURVE 

5.1. The formulation of the conjecture in ^-coordinates. Quan- 
tization of the defining polynomial of the Airy curve 

(40) A = if 2 — u 
by the assignment 

(41) u — u, v = Hd u . 
yields the following differential operator: 

(42) A = - u. 
Under the following parametrization 

(43) u(z) = \z\ 

(44) v(z) = z, 
we have 

(45) S = J v{z)du{z) = J z 2 dz = ^z 3 , 
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~ 1 , du 1 , . . 
(46) Sl = __l 0g _ = __l 0g(z ), 



and 



(47) 



where 



2g-l+k=n 



^ A;! "^(^ • • • > z )> 

2g-l+fe=ri 



/2l /-Z n 
• • / W s ,n(^l, • • -,Zn)dZi •■■dz n 

(49) = (-D- y. <'«"-o.n e T^- 



a4,...,a n >0 i=l * 



For example, 



~ 3T°' 3(Z ' ^ ~ 24? + 6? ~ 24?' 



C 1 _ , s 1 " ^ A _ 1 7 14 5 

Ss - 2,^1,2^, *) + ^(z, z, z, z) - 2 " 24^6 + ^4 ' ~s ~ ^ 

Choose z = v}l 2 or z = — u 1 ^ 2 , one then expresses S n in the u- 
coordinates. For example, 

(50) S, = ± l -{2uf/\ 

1 

(51) Si = —— log(2w) + constant, 

(52) S 2 = ■ 



24(2m) 3 / 2 ' 
5 1 
16 (2m) 3 ' 



(53) S 3 
Recall 

00 

(54) Z = exp W^Sn- 



n=0 
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Therefore, 



1 oo 

AZ = {-h 2 d 2 u -u)expJ2 hn ~ 1S n 

n=0 

^ / OO OO \ oo 

= 2 hdu ( e nn<9 ^ ■ exp e an-1 ^ H ,exp ^ ^ n ~ 15n 

^n=0 n=0 ' n=0 

/ oo \ 2 -, oo \ oo 

- I ^ ft" 9 u 5 n ) + 2 E - u ) • exp 

^n=0 ' n=0 ' ra=0 

1 00 1 1 \ 

(2(^o) 2 -«) + ^^(^X-i + 2 E aj5i-du3j))'Z- 

n=l j+j'=n 

It follows that the equation 

(55) AZ = 

is equivalent to the following sequence of equations: 

(56) l -(d u S f = u, 

(57) iajjS, + d u S ■ d u Si = 0, 

(58) ^dlSr + 9„5 • d u S 2 + • duS, = 0, 

(59) iaX-: + U " *A + ^ " ^ + i £ • ^ - °> 

i+j'=ri 
i,i>2 

where n > 2. One can plug in (JSOD-dSSD to check that (J2|-(ISED hold 
and one can rewrite ([55]) as follows: 



(60) 



i+j=n 
i,i>2 



It suffices to prove this for n > 3. 



5.2. The reformulation in ^-coordinates. Because 

1 

we have 

"=2V 
<9 U = -2w 2 d w , 

dl = 4w 4 dl + 8w 3 d w . 
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Hence one can rewrite fl6TT) 



(61) d u S n = ± 2(2 ^ )1/2 (-O^n-i + ^^^x - d ^ ■ d - S i) ■ 



i+j=n 
»J>2 



as follows: 

-2w 2 d w £ n = ±— -(Aw 4 d 2 w + 8w 3 d w )S n ^ 



| • 2w 2 d w S n ^ - ^ 2 d w Si ■ 2w 2 d w S^j . 



i+j=n 
i,i>2 



After simplification one gets 



(62) ^ = ±^ 3 / 2 ^ n _ 1 +«; 5 / 2 -^ n _ 1 + W 5 / 2 d w S v d w sA 



i,i>2 

or equivalently, 

(63) ^ 5 / 2 ^5 n = ±f (w^cy 2 ^ + ]T w^ 2 d w s t ■ w b / 2 d w s)j . 

i+j=n 
i,J>2 

Remark 5.1. Let £ = — |-u;~ 3 / 2 , then one has 

(64) d w = — $ = w- 5 / 2 ^, 
and so 

(65) d t S n = <9 2 S„_i + ■ dtSj. 

i+j=n 
»J>2 

5.3. The proof of Theorem. It suffices now to establish fl63|) . By 
comparing with fl34l) . we have 

(66) fi 3 ,„(wi, ...,w n ) = (=Fl)"H 9i „(zi, . . . , z n ), 
and so 

f— l) k (zfl) k 

S n = fcj Qg,k(w,...,w) 

2g-l+fc=n 



fc! 

2#-l+fc=n 
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By (E7D, 

w 5 ' 2 d w S n = (±ir +1 J2 7j^^^ /2 d w n gik (w, ...,w), 

2g-l+k=n ^ '' 



and 

{w^d w fS n = (±1)" +1 J2 jj^j^^ /2 d x ) 2 n 9 4x,w,...,w) 

2g-l+k=n ^ >' 

[x,y,w,...,w) ix==y=v) 



2g-l+k=n 

Hence (1551) can be rewritten as follows (after taking care of the ± signs): 

2g-l+k=n ^ >' 

= E jT^^(x 5/2 d x ) 2 n gtk (x,w,...,w)\ x=w 

2g-l+k=n-l ^ '' 



■^j I/) ^1 ■ ■ ■ 1 \x=y=w 1 

1 



(68) + 2^ (k-2)\ 

2g-l+k=n-l K ' 

+ w " 2 E E TTr^Tu^^n^K...^) 



i+j=n 2gi — l+ki=i 
2 52 -l+fc 2 =j ^ 2 



We now show that this can be derived from (|39|) . We first set n = k — 1 
on both sides of to get: 

(69) 

Wo /2 <9 Wo f2 9i fc(u7 , ttfi, • • • , Wk-i) 
=x 5/2 d x y 5/2 dytt g _i ik+1 (x, y, | 



91+92=9 
AiUA 2 = [fe-l] 
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We then set wo = ■ ■ • = w k -i =won both sides of ( |69i) . The left-hand 
side becomes: 

[w, . . . , w). 

The first line on the right-hand side becomes: 

l,k+l{ X l Hi W, ■ ■ ■ , Vj) \ X —y— W . 

The second line on the right-hand side becomes: 
s ( k 1) ! 

w5/2 52 , ,, , ' d w Vt giM (w, . . . ,w) ■ d w Vt g2M (wQ, . . . , w). 

91+92=9 
fcl+fc 2 =fc+l 

Now we deal with the third line on the right-hand side. Recall 
(70) V u , v x a ~ 1/2 = uv 1/2 {u a+1 +u a v + --- + v a+1 ). 

So we have 

= (a + l/2)w ■ w wl /2 (w a +1 + w a w t + ■■■ + 

it follows that 

w V W0iWi d x x a+1/2 \ W0=Wi=w = (a + 2)(a + l/2)w ■ ww 1/2 w a+1 

= (a + 2)(a + l/2)w a+7/2 . 

On the other hand 

{w B ' 2 d w fw a+1 ' 2 = w 5 / 2 d w (w 5 / 2 -(a + l/2)w a -^ 2 ) 

= (a + l/2)w 5/2 d w w a+2 

= (a + l/2)(a + 2)w 5/2 w a+1 

= (a+l/2)(a + 2)w a+7/2 . 

Hence we get: 

fc-i 



^ woV m>Wi d x Q gj k-i(x, W[k-i] i )\ Wo =...= Wk _ 1 , 

i=l 

(k - l)(x b/2 d x ) 2 Vtg )k _i(x, w, . . .,w)\ x=w . 
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To summarize, we have obtained the following identity: 



w 5/2 d w Q 9jk (w, ...,w) 



= x 5/2 d x y 5/2 d y tt g _ l!k+1 (x, y,w,...,w)\ 




w) ■ d w Q g2jk2 (w , ...,w) 



Dividing both sides by 



i 



and take 



one gets < EE\i . This 



(fc-i)i 



2g-l+h=m 



completes the proof. 
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